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We scrutinize recent QCD spectral sum rules (QSSR) results to lowest order (LO) pre-
dicting the masses of the BK molecule and (su)(bd) four-quark states. We improve these
results by adding NLO and N2LO corrections to the PT contributions giving a more
precise meaning on the b-quark mass definition used in the analysis. We extract our
optimal predictions using Laplace sum rule (LSR) within the standard stability criteria
versus the changes of the external free parameters (τ -sum rule variable, tc continuum
threshold and subtraction constant µ). The smallness of the higher order PT corrections
justifies (a posteriori) the LO order results ⊕ the uses of the ambiguous heavy quark
mass to that order. However, our predicted spectra in the range (5173 ∼ 5226) MeV,
summarized in Table 7, for exotic hadrons built with four different flavours (buds), do
not support some previous interpretations of the D0 candidate ,1 X(5568), as a pure
molecule or a four-quark state. If experimentally confirmed, it could result from their
mixing with an angle: sin2θ ≈ 0.15. One can also scan the region (2327 ∼ 2444) MeV
(where the D∗s0(2317) might be a good candidate) and the one (5173 ∼ 5226) MeV for
detecting these (cuds) and (buds) unmixed exotic hadrons (if any) via, eventually, their
radiative or pi + hadrons decays.
Keywords: QCD spectral sum rules, Perturbative and Non-perturbative calculations,
Exotic Hadrons, Hadron Masses, Leptonic decays.
Pac numbers: 11.55.Hx, 12.38.Lg, 13.20-v
∗In writing this paper, I learn the sudden death of my collaborator and friend Gerard Mennessier.
I dedicate my contribution in this paper for his memory.
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1. Introduction and Experimental Facts
Stimulated by the recent observation of the D0 collaboration for a narrow X(5568)
state (ΓX = 21.9 ± 6.4+5.0−2.5 MeV) decaying sequencely into B0spi± : B0s →
J/ψ φ, J/ψ → µ+µ−, φ → K+K−, where a JP = 0+ is favoured, many papers
have been proposed in the literature for explaining its nature. If confirmed a, this is
the first observation of an hadron bounded with four-different flavours (buds) which
cannot be accomodated by the usual quark model but instead by a four-quark or a
molecule or some other exotic mechanism. Among different proposals, we select the
ones from QCD spectral sum rules (QSSR) 3,4 b, which interpret the X(5568) state
either as a BK molecule 14 or as a four-quark (bu)(ds)15–18 exotic bound state.
2. Interpolating currents
• In the following, we shall analyze different assumptions on the nature of the
X(5568) which can be specified by the form of the minimal QCD interpolating
currents given in Table 1. C is the charge conjugation matrix; u, d, s, b are the
Table 1. Minimal interpolating currents JX describing the X(5568)
Nature JP Current
Molecule
BK 0+ (b¯ iγ5 u)(d¯ iγ5 s)
Bspi 0
+ (b¯ iγ5 s)(d¯ iγ5 u)
B∗K 1+ (b¯ iγµ u)(d¯ iγ5 s)
B∗spi 1+ (b¯ iγµs)(d¯iγ5 u)
Four-quark
1− (sTCγ5 u)(b¯ γµγ5C d¯T ) + k(sTC u)(b¯ γµ C d¯T )
1+ (sTCγ5 u)(b¯ γµC d¯
T ) + k(sTC u)(b¯ γµγ5C d¯
T )
quark fields and the summation over colour indices is understood; k is a free mixing
parameter.
• The corresponding scalar two-point correlator is defined as:
ψX(q
2) = i
∫
d4x e−iqx〈0|JX(x)J†X(0)|0〉 , (1)
The vector or axial-vector correlator reads:
ΠµνX (q
2) = i
∫
d4x e−iqx〈0|JµX(x) (JνX(0))† |0〉
≡ −
(
gµν − q
µqν
q2
)
Π
(1)
X (q
2) +
qµqν
q2
Π
(0)
X (q
2) , (2)
aNote that a recent analysis of the LHCb collaboration does not confirm this D0 result .2
bFor reviews where complete references can be found, see e.g:5–13
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where the longitudinal part : Π
(0)
X (q
2) is related to the (pseudo)scalar correlator
ψX(q
2) via a well-known Ward identity. We shall be concerned here with the trans-
verse part Π
(1)
X (q
2) which has the quantum number : JP = 1+ or 1− and its longi-
tudinal part: Π
(0)
X (q
2) with the quantum number: JP = 0+ or 0−.
• The previous correlators obey the Ka¨llen-Lehmann representation or disper-
sion relation:
ΠX(q
2) =
∫ ∞
(Mb+ms)2
dt
t− q2 − i
1
pi
ImΠX(t) + · · · , (3)
where · · · represents subtraction constants which are polynomial in q2; ΠX ≡ ψX
or Π
(0,1)
X ; (1/pi)ImΠX(t) ≡ ρ(t) is the spectral function that can be measured ex-
perimentally or calculable in QCD for large values of t.
3. The inverse Laplace transform sum rule (LSR)
• One can improve the previous Ka¨llen-Lehmann representation by applying to
both sides n-numbers of derivative in Q2 ≡ −q2 and by keeping the ratio n/Q2 ≡ τ
fixed. In this way, it becomes an exponential sum rule:
L(τ, µ) ≡
∫ ∞
(Mb+ms)2
dt e−tτρ(t, µ) , (4)
R(τ, µ) =
∫∞
(Mb+ms)2
dt t e−tτρ(t, µ)∫∞
(Mb+ms)2
dt e−tτρ(t, µ)
, (5)
where µ is the subtraction point which appears in the approximate QCD series
when radiative corrections are included. The set of variables (τ, µ) are, in principle,
free external parameters. We shall use stability criteria (if any) for extracting the
optimal results.
• These sum rules firstly derived by SVZ 3,4 have been called Borel sum rule
due to the factorial suppression factor of the condensate contributions in the OPE.
Their quantum mechanics version have been studied by Bell-Bertlmann in19,20
through the harmonic oscillator where τ has the property of an imaginary time,
while the derivation of their radiative corrections has been firstly shown by Narison-
de Rafael21 to have the properties of the inverse Laplace sum rule (LSR).
4. Parametrization of the spectral function and Stability criteria
• The ratio 3,4, 19,20 and double ratio 22 c of sum rules :
RS/A(τ, ν) and RA,S(τ, ν) ≡ RARS , (6)
cThe double ratio of sum rules have been successfully applied in different channels .24–33
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are useful, as they are equal to the resonance mass squared M2S/A and their ratio
at the τ -stability region:
RS/A 'M2S/A and RA,S '
M2A
M2S
, (7)
in the Minimal Duality Ansatz (MDA) parametrization of the spectral function:
ρS/A(t) ' f2S/AM8S/Aδ(t−M2S/A) + “QCD continuum”θ(t− tc), (8)
where fS/A is the leptonic decay constant or coupling defined as:
〈0|JS |S〉 = fSM4S and 〈0|JµA|A〉 = µfAM5A , (9)
respectively for the scalar (S) and axial-vector (A) mesons, where µ is the W -
boson polarization, while the “QCD continuum” comes from the discontinuity of
the Feynmann diagrams appearing in the SVZ expansion. Though apparently quite
simple, different tests of this MDA from complete hadronic data have shown that
it can reproduce with high-precision these complete data ,7,8, 34,35 while it has been
also successfully tested in the large Nc limit of QCD .
36,37
• Noting that in the previous definition in Table 1, the bilinear pseudoscalar
current acquires an anomalous dimension due to its normalization, thus the X-
decay constant runs for nf = 5 and to α
2
s as :
fS(µ) = fˆS (−β1as)4/β1 /r2m , fA(µ) = fˆA (−β1as)2/β1 /rm (10)
where we have introduced the renormalization group invariant coupling fˆS/A; −β1 =
(1/2)(11− 2nf/3) is the first coefficient of the QCD β-function for nf flavours and
as ≡ (αs/pi). For nf = 5 flavours, the QCD corrections read;
rm = 1 + 1.176
(αs
pi
)
+ 1.501
(αs
pi
)2
. (11)
• Optimal information on the lowest resonance mass and decay constant can
be achieved at the stability regions (if they exist) of the set of external variables
(τ, tc, µ). This requirement is similar to the Principle of Minimal Sensitivity (PMS)
used, e.g, in38 for optimized perturbative series.
5. QCD expressions of the B∗K and BK spectral functions
We give below the QCD expressions of the B∗K and BK two-point spectral function
at lowest order (LO) of perturbation theory and including the quark and gluon
condensates within the SVZ operator product expansion (OPE). The value and
normalization of these condensates are given in Table 2 and in Section 6.
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5.1. B∗K (1+) axial-vector molecule
For the axial-vector 1+ molecule, the spectral function reads up to dimension 6
condensates:
ρpert =
Mb
8
5 3 215pi6
[
5
x4
− 96
x3
− 945
x2
+
480
x
− 60
(
9
x2
+
16
x
+ 3
)
Logx+ 555 + x2
]
,
ρ〈q¯q〉 = − M
5
b
28pi4
〈q¯q〉
[
1
x2
+
9
x
+ 6
(
1
x
+ 1
)
Logx− 9− x
]
−
msM
4
b
211pi4
〈q¯q〉(2− κ)
(
3
x2
− 16
x
− 12 Logx+ 12 + x2
)
,
ρ〈G
2〉 =
M4b
3 215pi6
4pi〈αsG2〉
[
1
x2
− 120
x
− 12
(
4
x
+ 7
)
Logx+ 108 + 8x+ 3x2
]
,
ρ〈q¯Gq〉 =
3M3b
29pi4
〈q¯Gq〉
(
1
x
+ 2 Logx− x
)
+
msM
2
b
3 29pi4
〈q¯Gq〉(3 + 2κ)
(
2
x
− 3 + x2
)
,
ρ〈q¯q〉
2
=
M2b
3 25pi2
ρ〈q¯q〉2κ
(
2
x
− 3 + x2
)
+
msMb
25pi2
ρ〈q¯q〉2(2− κ)(1− x),
ρ〈G
3〉 =
M2b
32 217pi6
〈g3G3〉
[
9
x2
− 160
x
− 12
(
4
x
+ 9
)
Logx+ 144 + 7x2
]
. (12)
where : x = Mb
2/t, and κ ≡ 〈s¯s〉/〈q¯q〉 ' 〈s¯Gs〉/〈q¯Gq〉 measures the SU(3)
breaking of the quark and mixed quark condensates. The contribution of a class of
d = 7 condensate for ms = 0 is:
ρ〈q¯q〉〈G
2〉 = −Mb〈q¯q〉
3 29pi4
4pi〈αsG2〉
(
1
x
+ 3 Logx+ 5− 6x
)
. (13)
The previous expressions compared to the ones in the literature are more convenient
to use as they are in an integrated form. One should note that:
• In performing the calculation of the spectral function, the heavy quark is put
on-shell which corresponds to the implicit use of the pole mass Mb in the previous
QCD expression. This feature does not justify the (a priori) use of the running mass
in the sum rule analysis as done in the existing literature. We shall come back to
this point later on.
• In the literature, dimension condensates larger than d = 6 have been also
included in the OPE in order to improve stability of the results. However, one should
note that the included condensates are only a part of more general condensates
contributions at a given dimension. There is also a poor quantitative control of
these high dimension condensates as has been hotly discussed in the past (cases of
charmonium and ρ meson channels) 7,8 due to the violation of factorization which
is already about a factor 3-4 for the d = 6 condensates. This feature indicates that
the error quoted in the final result which does not take into account such a violation
has been largely underestimated. Therefore, we refrain to include these terms in the
analysis but only consider them as a source of errors.
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• We have not included in the OPE the d = 2 tachyonic gluon mass 39,40 d as it
has been shown to be dual to the higher order terms of the PT series 43 which we
shall estimate using a geometric growth of the PT coefficients.
5.2. BK (0+) scalar molecule
It reads up to the dimension 6 condensates:
ρpert =
M8b
5 214pi6
[
1
x4
− 20
x3
− 220
x2
+
80
x
− 60
(
2
x2
+
4
x
+ 1
)
Logx+ 155 + 4x
]
,
ρ〈q¯q〉 = − M
5
b
28pi4
〈q¯q〉
[
1
x2
+
9
x
+ 6
(
1
x
+ 1
)
Logx− 9− x
]
−
msMb
4
29pi4
〈q¯q〉(2− κ)
(
1
x2
− 6
x
− 6 Logx+ 3 + 2x
)
,
ρ〈G
2〉 =
M4b
3 213pi6
4pi〈αsG2〉
[
5
x2
+ 6
(
2
x
− 1
)
Logx− 9 + 4x
]
,
ρ〈q¯Gq〉 =
3M3b
28pi4
〈q¯Gq〉
[
3
x
+
(
1
x
+ 3
)
Logx− 2− x
]
+
msM
2
b
29pi4
〈q¯Gq〉(3 + 2κ)
(
1
x
− 2 + x
)
,
ρ〈q¯q〉
2
=
M2b
25pi2
ρ〈q¯q〉2κ
(
1
x
− 2 + x
)
+
msMb
25pi2
ρ〈q¯q〉2(2− κ)(1− x),
ρ〈G
3〉 =
M2b
3 215pi6
〈g3G3〉
[
1
x2
− 21
x
− 6
(
1
x
+ 3
)
Logx+ 15 + 5x
]
. (14)
The contribution of a class of d = 7 condensate for ms = 0 is:
ρ〈q¯q〉〈G
2〉 = −Mb〈q¯q〉
3 29pi4
4pi〈αsG2〉
(
1
x
+ 12 Logx+ 14− 15x
)
. (15)
5.3. Higher Order (HO) PT corrections to the Spectral function
• We extract the Higher Order (HO) PT corrections by considering that the
molecule two-point spectral function is the convolution of the two ones built from
two quark bilinear currents (factorization) as a consequence of the molecule defini-
dFor reviews, see e.g.41,42
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tion of the state e:
JK(x) ≡ d¯iγ5s  1
pi
ImψK(t) ,
JB(x) ≡ b¯iγ5u  1
pi
ImψB(t) ,
JµB∗(x) ≡ b¯γµu  
1
pi
ImΠB∗(t) . (16)
In this way, we obtain the convolution integral for the axial-vector state 46 :
1
pi
ImΠA(t) = θ(t− (Mb +ms)2)
(
1
4pi
)2
t2
∫ (√t−ms)2
M2b
dt1
∫ (√t−√t1)2
m2s
dt2 λ
3/2
× 1
pi
ImΠB∗(t1)
1
pi
ImψK(t2), (17)
and for the scalar state 46,47 :
1
pi
ImψS(t) = θ(t− (Mb +ms)2)
(
1
4pi
)2
t2
∫ (√t−ms)2
M2b
dt1
∫ (√t−√t1)2
m2s
dt2 λ
1/2
×
(
t1
t
+
t2
t
− 1
)2
× 1
pi
ImψB(t1)
1
pi
ImψK(t2), (18)
with the phase space factor :
λ =
(
1−
(√
t1 −
√
t2
)2
t
)(
1−
(√
t1 +
√
t2
)2
t
)
. (19)
Mb is the on-shell(pole) perturbative heavy quark mass, while we shall use the
running perturbative mass m¯s in the MS-scheme.
• The perturbative expressions of the bilinear unequal masses pseudoscalar
ImψK/B(t) and ImΠB∗(t) spectral functions are known in the literature up to N2LO
corrections.7,8 The complete LO expression has been evaluated firstly in,48 the NLO
corrections for light quarks by,49 the complete NLO by50 and the N2LO with one
massless quark by.51
5.4. Relation between the pole and running heavy quark masses
• The PT expression of the spectral function obtained using on-shell renormal-
ization can be transformed into the MS-scheme by using the relation between the
eA such approach has been used in 44,45 for estimating for the first time the higher order pertur-
bative corrections to the spectral functions of molecule states.
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MS running mass mQ(µ) and the on-shell mass MQ , to order α
2
s:
52–61
MQ = mQ(µ)
[
1 +
4
3
as + (16.2163− 1.0414nl)a2s
+ ln
(
µ
MQ
)2 (
as + (8.8472− 0.3611nl)a2s
)
+ ln2
(
µ
MQ
)2
(1.7917− 0.0833nl) a2s...
]
, (20)
for nl light flavours.
6. QCD input parameters
Table 2. QCD input parameters: the original errors for 〈αsG2〉, 〈g3G3〉
and ρ〈q¯q〉2 have been multiplied by about a factor 3 for a conservative
estimate of the errors (see also the text).
Parameters Values Ref.
αs(Mτ ) 0.325(8)
62–66
mc(mc) 1261(12) MeV average
66–71
mb(mb) 4177(11) MeV average
66–69
µˆq (253± 6) MeV 7,27,29,72–74
mˆs (0.114± 0.006) GeV 7,27,29,72–74
κ ≡ 〈s¯s〉/〈d¯d〉 (0.74+0.34−0.12) 7,31,32
M20 (0.8± 0.2) GeV2 28,75–80
〈αsG2〉 (7± 3)× 10−2 GeV4 19,20,62,67–69,81–88
〈g3G3〉 (8.2± 2.0) GeV2 × 〈αsG2〉 67–69
ραs〈q¯q〉2 (5.8± 1.8)× 10−4 GeV6 62,75–77,81
• The QCD parameters which shall appear in the following analysis will
be the charm and bottom quark masses mc,b (we shall neglect the light quark
masses q ≡ u, d), the light quark condensate 〈q¯q〉, the gluon condensates 〈αsG2〉 ≡
〈αsGaµνGµνa 〉 and 〈g3G3〉 ≡ 〈g3fabcGaµνGbνρGcρµ〉, the mixed condensate 〈q¯Gq〉 ≡
〈q¯gσµν(λa/2)Gaµνq〉 = M20 〈q¯q〉 and the four-quark condensate ραs〈q¯q〉2, where
ρ ' 3 − 4 indicates the deviation from the four-quark vacuum saturation. Their
values are given in Table 2.
• We shall work with the running light quark condensates and masses. They
read:
〈q¯q〉(τ) = −µˆ3q (−β1as)2/β1 , 〈q¯Gq〉(τ) = −M20 µˆ3q (−β1as)1/3β1 , (21)
µˆq is the spontaneous RGI light quark condensate.
48 We shall use:
αs(Mτ ) = 0.325(8) αs(MZ) = 0.1192(10) (22)
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Table 3. αs(µ) and correlated values of the running mass mQ(µ) used in the
analysis for different values of the subtraction scale µ. The error in mQ(µ) has
been induced by the one of αs(µ) to which one has added the error on their
determination given in Table 2.
Input for BK, B∗K, (bu)(ds): nf = 5
µ[GeV] αs(µ) mb(µ)[GeV]
3 0.2590(26) 4.474(4)
3.5 0.2460(20) 4.328(2)
Input: mb(mb) 0.2320(20) 4.177
4.5 0.2267(20) 4.119(1)
5.0 0.2197(18) 4.040(1)
5.5 0.2137(17) 3.973(2)
6.0 0.2085(16) 3.914(2)
6.5 0.2040(15) 3.862(2)
7.0 0.2000(15) 3.816(3)
Input for DK, D∗K, (cu)(ds) : nf = 4
µ[GeV] αs(µ) mc(µ)[GeV]
Input: mc(mc) 0.4084(144) 1.26
1.5 0.3649(110) 1.176(5)
2 0.3120(77) 1.069(9)
2.5 0.2812(61) 1.005(10)
3.0 0.2606(51) 0.961(10)
3.5 0.2455(45) 0.929(11)
4.0 0.2339(41) 0.903(11)
4.5 0.2246(37) 0.882(11)
5.0 0.2169(35) 0.865(11)
5.5 0.2104(33) 0.851(12)
6.0 0.2049(30) 0.838(12)
from τ -decays62–64 (see also: 89–92), which agree perfectly with the world average
2014:65,66
αs(MZ) = 0.1184(7) . (23)
The value of the running 〈q¯q〉 condensate is deduced from the well-known GMOR
relation:
(mu +md)〈u¯u+ d¯d〉 = −m2pif2pi , (24)
where fpi = 130.4(2) MeV
93 and the value of (mu + md)(2) = (7.9 ± 0.6) MeV
obtained in27,29 which agrees with the PDG in 66 and lattice averages in .94 Then,
we deduce the RGI light quark spontaneous mass µˆq given in Table 2.
• For the heavy quarks, we shall use the running mass and the corresponding
value of αs evaluated at the scale µ. These sets of correlated parameters are given
in Table 3 for different values of µ and for a given number of flavours nf .
• For the 〈αsG2〉 condensate, we have enlarged the original error by a factor
about 3 in order to have a conservative result and to recover the original SVZ
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estimate and the alternative extraction in 70,71 from charmonium sum rules which
we consider as the most reliable channel for extracting phenomenologically this
condensate. However, a direct comparison of this range of values obtained within
short QCD series (few terms) with the one from lattice calculations 95 obtained
within a long QCD series remains to be clarified .96
• Some other estimates of the gluon and four-quark condensates using τ -decay
and e+e− → I = 1 hadrons data can be found in .?, 90–92,97,98 Due to the large
uncertainties induced by the different resummations of the QCD series and by the
less-controlled effects of some eventual duality violation, we do not consider explic-
itly these values in the following analysis. However, we shall see later on that the
effects of the gluon and four-quark condensates on the values of the decay constants
and masses are quite small though they play an important role in the stability
analysis.
7. Mass and coupling of the B∗K (1+) axial-vector molecule
7.1. τ - and tc-stability criteria at lowest order (LO)
• We show in Fig. 1 the τ - and tc-behaviours of the mass and coupling of the
B∗K axial-vector molecule at lowest order (LO) of perturbative QCD. We have
used the running m¯b(µ) b-quark mass (though not a priori justified), while the OPE
is truncated at d = 6.
à
ç
0.0 0.2 0.4 0.6 0.8 1.0 1.2
5.0
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M
B*
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ç 48
44
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à 36
34.
tc@GeV2D Μ = 4.5 GeV
à
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8
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14
16
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f B*
K
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D
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ç 48
44
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à 36
34.
tc@GeV2D Μ = 4.5 GeV
a) b)
Fig. 1. a) MB∗K at LO as function of τ for different values of tc, µ = 4.5 GeV and for the QCD
parameters in Table 2 and 3; b) The same as a) but for the coupling fB∗K .
•One can notice that the stabilities of both curves are reached for τ ' (0.45−0.5)
GeV−2. However, an important difference appears here : the coupling is dominated
by the d ≤ 6 non-perturbative condensates (minimum in τ) while the mass is
dominated by the perturbative one at the inflexion point. This feature indicates
already the exotic nature of this molecule state compared to ordinary heavy-light
B-meson .5–8,34,35,99,100
•We consider as an optimal value from the analysis, the one where the τ -stability
about 0.6 GeV−2 starts for tc ≥ 34 GeV2, while the minimum sensitivity on the
change of the continuum threshold tc is reached for tc ' (44 − 48) GeV2. Using
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m¯b(mb) in Table 2, we consider as a conservative optimal value the results inside
the above range:
MLOB∗K ' (5.19 ∼ 5.20) GeV and fLOB∗K ' (7.77 ∼ 7.88) keV (25)
• Often added in the literature are the contributions of higher dimension con-
densates d ≥ 7 for restoring the τ -stability of the sum rules. However, this procedure
is not very helpful as the contribution of included high-dimension condensates come
only from one class of diagrams generated by the quark propagator put in an exter-
nal gluon fields. Moreover, these high-dimension condensates are poorly controlled
due to the violation of factorization which already at d = 6 is expected to be vio-
lated by a factor 3-4 (see Table 2). Therefore, we conclude that predictions strongly
depending on these high-dimension condensates are not reliable f .
0.2 0.4 0.6 0.8 1.0 1.24.8
5.0
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5.6
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mbHmbL=4.18 GeV
tc=38 GeV2 Μ = 4.5 GeV
0.2 0.4 0.6 0.8 1.0 1.27
8
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Fig. 2. a) MB∗K at LO as function of τ for a given value of tc = 38 GeV
2, µ = 4.5 GeV and for the
QCD parameters in Tables 2 and 3. The OPE is truncated at d = 6 and the PT is at lowest order. We
use the on-shell or pole mass Mb = 4.66 GeV and the running mass m¯b(m¯b) = 4.18 GeV; b) The same
as a) but for the coupling fB∗K .
7.2. b-quark mass ambiguity at lowest order (LO)
Often used in the existing literature is the value of the running heavy quark mass
m¯b(mb) into the expression of the spectral function evaluated at lowest order (LO)
of perturbation theory (PT). Though, one should go beyond LO to see the clear
selection among the two mass definitions, this is certainly misleading as the spectral
function has been evaluated on-shell such that the mass to be used should be the
on-shell or pole quark mass. We show in Fig. 2 the comparison of the result when we
use the b-quark pole mass value of 4.66 GeV 66 and the running mass m¯b(mb) = 4.18
GeV in Table 2. This choice introduces an intrinsic source of error:
∆MLOB∗K ' 80 MeV and ∆fLOB∗K ' 2 keV , (26)
which is never considered in the existing literature.
fWe shall explicitly check in the case of scalar molecule, which presents the same feature, that the
d = 7 condensates contributions in Eq. 15 are negligible allowing a violation of factorization by a
factor 4.
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7.3. Higher order perturbative QCD corrections
For a more reliable prediction, one should improve the previous LO estimate. In
so doing, we use the fact that the molecule spectral function is the convolution of
the one of two-quark bilinear currents (factorization) which is a consequence of the
molecule state definition. In the case of the B∗K molecule, this corresponds to the
convolution of the B∗ and K mesons spectral functions. The convolution expression
is given in Eq. 17.
•We show the results including the NLO perturbative corrections in Fig. 3 versus
τ for three values of tc. The inclusion of the NLO corrections modify the previous
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Fig. 3. a) MB∗K at NLO as function of τ for different values of tc, µ = 4.5 GeV and for the QCD
parameters in Tables 2 and 3; b) The same as a) but for the coupling fB∗K .
LO results for tc = (34 ∼ 48) GeV2 and τ ' (0.56 ∼ 0.60) GeV−2 to:
MNLOB∗K ' (5200 ∼ 5201) MeV and fNLOB∗K ' (7.95 ∼ 8.07) keV . (27)
• In the same way as in previous analysis, we show the results including the
N2LO perturbative corrections in Fig. 4 versus τ for three values of tc. For tc =
(34 ∼ 48) GeV2 and τ ' (0.58 ∼ 0.62) GeV−2, we obtain:
MN2LOB∗K ' (5185 ∼ 5187) MeV and fN2LOB∗K ' (7.95 ∼ 8.09) keV . (28)
0.3 0.4 0.5 0.6 0.7 0.85.0
5.1
5.2
5.3
5.4
5.5
5.6
5.7
5.8
Τ @GeV-2D
M
B*
K
@G
eV
D
48
38
34
tc@GeV2D Μ = 4.5 GeV
0.3 0.4 0.5 0.6 0.7 0.87.5
8.0
8.5
9.0
9.5
10.0
10.5
11.0
Τ @GeV-2D
f B*
K
@k
eV
D
48
38
34
tc@GeV2D Μ = 4.5 GeV
a) b)
Fig. 4. a) MB∗K at N2LO as function of τ for different values of tc, µ = 4.5 GeV and for the QCD
parameters in Tables 2 and 3; b) The same as a) but for the coupling fB∗K .
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Fig. 5. a) MB∗K at NLO as function of µ , for the corresponding τ -stability region, for tc ' 48 GeV2
and for the QCD parameters in Tables 2 and 3; b) The same as a) but for the renormalization group
invariant coupling fˆB∗K .
7.4. µ-subtraction point stability
We show in Fig. 5 the dependence of the results obtained at NLO of PT series on
the choice of the subtraction constant µ. One can notice that the position of the
τ -stability moves slightly with µ and is in the range of 0.50 to 0.66 GeV−2. For each
corresponding value of τ -stability, a minimum in µ is obtained around 5 GeV for
the mass and a slight inflexion point at µ ' (4.5 ∼ 5.0) GeV for the renormalization
group invariant coupling defined in Eq. 10, at which we extract the optimal estimate:
MNLOB∗K ' (5201 ∼ 5198) MeV and fˆNLOB∗K ' (4.51 ∼ 4.77) keV . (29)
7.5. Test of the convergence of the PT series
• We show, in Fig. 6a and 6b, the behaviour of the results for a given value
of tc for different truncation of the PT series. One can notice small PT corrections
from LO to N2LO for the mass predictions as these corrections tend to compensate
in the ratio of sum rules. There is also a good convergence of the PT series for the
coupling prediction.
• The good convergence of the PT series indicate that the HO corrections dual
to the tachyonic gluon one are negligible.
• It also validates (a posteriori) the results obtained at LO using the running
b-quark mass as input as usually done in the existing literature.
7.6. Test of the convergence of the OPE
We test the convergence of the OPE by adding the contribution of the d = 7
condensate given in Eq. 13 and allowing a violation of factorization up to a factor
χ = 4. We see its effect in Fig. 7 where the coupling is largely affected while the one
on the mass is almost negligible. Taking the maximal error corresponding to χ = 4
and tc ' (34 ∼ 48) GeV2, we estimate the error due to the truncation of the OPE
as:
∆fOPEB∗K ' ±1.98 keV , ∆MOPEB∗K ' ±3 MeV . (30)
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Fig. 6. a) MB∗K as function of τ for different truncation of the PT series at a given value of tc=48
GeV2, µ = 4.5 GeV and for the QCD parameters in Tables 2 and 3; b) The same as a) but for the
coupling fB∗K .
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Fig. 7. a)MB∗K as function of τ , for different values of the d = 7 condensate contribution (χ measures
the violation of factorization), at a given value of tc=48 GeV
2, µ = 4.5 GeV and for the QCD parameters
in Tables 2 and 3; b) The same as a) but for the coupling fB∗K .
7.7. Final results and error estimates
We show in Table 4 our estimate of the different sources of errors. The main errors
from the mass come from the localisation of the τ and µ stabilities and to lesser ex-
tent from the QCD input parameters: αs, 〈q¯q〉2 and the SU(3) breaking parameter
κ ≡ 〈s¯s〉/〈q¯q〉. Adding quadratically different sources of errors, we consider as final
estimate to order α2s or at N2LO of the perturbative series and for µ = 4.5 GeV:
MB∗K ' (5186± 13) MeV ,
fˆB∗K ' (4.48± 1.45) keV =⇒ fB∗K(4.5) ' (8.02± 2.60) keV . (31)
One can notice that the B∗K molecule mass (if any) is expected to be much below
the physical B∗K threshold of 5818 MeV.
8. Mass and coupling of the BK (0+) scalar molecule
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Table 4. Different sources of errors for the estimate of the molecule masses (in units of MeV) and
couplings (in units of keV) in the b-quark channel.
Inputs [GeV ]d ∆MB∗K ∆fB∗K ∆MBK ∆fBK ∆MB∗spi ∆fB∗spi ∆MBspi ∆fBspi
LSR parameters
tc = (34 ∼ 48) 1 0.01 1 0.06 2 0.09 0.001 0.08
µ = (4.5 ∼ 5.0) 2 0.40 1 0.60 3 0.30 3 0.8
τ = (τmin ± 0.02) 10 0.06 12 0.01 15 0.01 23 0.06
QCD inputs
m¯b 0.83 0.023 0.83 0.023 0.85 0.03 0.83 0.03
m¯s 0.17 0.022 0.30 0.020 0.30 0.03 0.30 0.03
αs 5.51 0.18 5.48 0.19 5.65 0.22 5.51 0.22
〈q¯q〉 0.38 0.006 0.32 0.007 0.20 0.002 0.18 0.002
κ 4.68 0.93 5.14 0.98 0.84 0.009 0.75 0.007
〈αsG2〉 0.96 0.015 1.07 0.016 0.77 0.01 0.77 0.01
M20 1.43 0.052 1.0 0.046 0.79 0.02 0.54 0.02
〈q¯q〉2 2.97 1.28 2.76 1.32 2.78 1.50 1.81 1.53
〈g3G3〉 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
d ≥ 7 3.0 1.98 5.0 1.66 5 1.8 1.0 1.48
Total errors 13.4 2.6 15.4 2.4 17.7 2.40 24.0 2.3
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Fig. 8. a) MBK at LO as function of τ for different values of tc, µ = 4.5 GeV and for the QCD
parameters in Tables 2 and 3; b) The same as a) but for the coupling fBK .
8.1. τ - and tc- stability criteria at lowest order (LO)
We redo the previous analysis for the BK scalar molecule. The results are shown
in Fig. 8. For τ ' (0.55 − 0.60) GeV−2 where the coupling presents a τ -minimum,
one obtains for tc ' (34 ∼ 48) GeV2:
fLOBK ' (8.07 ∼ 8.21) keV . (32)
For the mass, one obtains an inflexion point for tc ' (34 ∼ 48) GeV2 and for
τ ' 0.60 GeV−2 which corresponds to:
MLOBK ' (5250 ∼ 5260) MeV . (33)
8.2. b-quark mass ambiguity at lowest order (LO)
We show in Fig. 9 the comparison of the result when we use the b-quark pole mass
value of 4.66 GeV 66 and the running mass m¯b(mb) = 4.18 GeV in Table 2. One can
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Fig. 9. a) MBK at LO as function of τ for a given value of tc = 38 GeV
2, µ = 4.5 GeV and for
the QCD parameters in Tables 2 and 3; The OPE is truncated at d = 6. We compare the effect of the
on-shell or pole mass Mb = 4.66 GeV and of the running mass m¯b(m¯b) = 4.18 GeV; b) The same as a)
but for the coupling fBK .
find that this choice introduces an intrinsic source of error :
∆MLOBK ' 120 MeV and ∆fLOBK ' 2.1 keV , (34)
which should be added in the error when one does the LO analysis.
8.3. Higher order perturbative QCD corrections
• We improve the previous LO results by including O(αs) (NLO) and O(α2s)
(N2LO) corrections to the LO perturbative expression. The NLO analysis is shown
in Fig. 10 versus τ , for µ = 4.5 GeV and for different values of tc. We obtain at the
optimal stability point τ = (0.56 ∼ 0.62) GeV−2 and for tc ' (34 ∼ 48) GeV2:
MNLOBK ' (5205 ∼ 5207) MeV and fNLOBK (4.5) ' (8.14 ∼ 8.27) keV . (35)
• Adding the N2LO corrections, one obtains similar behaviours as in Fig 10. In
this case, the results become:
MN2LOBK ' 5195 GeV and fN2LOBK (4.5) ' (8.18 ∼ 8.30) keV , (36)
where one can notice tiny corrections from NLO to N2LO implying also a negligible
correction tachyonic gluon mass contribution.
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Fig. 10. a) MBK at NLO as function of τ for different values of tc, for µ = 4.5 GeV and for the QCD
parameters in Tables 2 and 3; b) The same as a) but for the coupling fBK .
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8.4. µ- subtraction point stability
We show in Fig. 11 the dependence of MBK and of the renormalization group in-
variant coupling fˆBK obtained at NLO of PT series on the choice of the subtraction
constant µ. We consider as optimal values the ones obtained for µ ' (4.5 − 5.0)
GeV where we have almost a plateau for the mass and a slight inflexion point for
fˆBK . We deduce:
MNLOBK (µ) ' (5207 ∼ 5205) MeV and fˆNLOBK (µ) ' (2.58 ∼ 2.68) keV . (37)
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Fig. 11. a) MBK at NLO as function of µ, for the corresponding τ -stability region, for tc ' 48 GeV2
and for the QCD parameters in Tables 2 and 3; b) The same as a) but for the renormalization group
invariant coupling fˆBK .
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Fig. 12. a) MBK as function of τ for different truncation of the PT series at a given value of tc=48
GeV2, µ = 4.5 GeV and for the QCD parameters in Tables 2 and 3; b) The same as a) but for the
coupling fBK .
8.5. Test of the convergence of the PT series
We show in Fig. 12 the behaviour of the results for a given value of tc and of µ
and for different truncation of the PT series. One can notice small PT corrections
for the mass predictions because these corrections tend to compensate in the ratio
of sum rules. For the coupling, the correction is large from LO to NLO. For both
observables, one can notice a good convergence of the PT series from NLO to N2LO.
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8.6. Test of the convergence of the OPE
We show the effect of a class of the d = 7 condensate for different values of χ in
Fig. 13. Taking the maximal error corresponding to χ = 4, we estimate the error
due to the truncation of the OPE as:
∆fOPEBK ' ±1.66 keV , ∆MOPEBK ' ±5 MeV . (38)
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Fig. 13. a)MBK as function of τ , for different values of the d = 7 condensate contribution (χ measures
the violation of factorization), at a given value of tc=48 GeV
2, µ = 4.5 GeV and for the QCD parameters
in Tables 2 and 3; b) The same as a) but for the coupling fBK .
8.7. Final results and comparison with previous estimates
• We show in Table 4 our estimate of the different sources of errors. Like in the
case of B∗K, the main errors from the mass come from the localisation of the τ -
stability, αs, κ ≡ 〈s¯s〉/〈q¯q〉, 〈q¯q〉2 and M20 . Adding quadratically different sources
of errors, we consider as a final estimate to order α2s or at N2LO of the perturbative
series and including an estimate of the d ≥ 7 dimension condensates:
fˆBK ' (2.57± 0.75) keV =⇒ fBK(4.5) ' (8.26± 2.40) keV ,
MBK ' (5195± 15) MeV . (39)
for µ = 4.5 GeV.
• One can notice that the BK molecule mass (if any) is about 11 MeV heavier
than the B∗K molecule and below the physical BK threshold of 5773 MeV.
• Comparing numerically the QCD expression of our spectral function with the
one in,14 one finds that the perturbative (PT) and 〈q¯q〉 expressions have wrong
signs ga good agreement except for the 〈q¯q〉2 condensate contributions which coef-
ficient is too small compared to ours.
• As mentioned previously, we refrain to add the condensate contributions of
dimension higher than d = 6 due to the large uncertainties on the values of these
gThe negative sign of the PT contribution violates the general positive property of the spectral
function. The same wrong sign occurs in Ref. 15
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high-dimension condensates (violation of factorization) and to the fact that the
contributions of these condensates correspond only to one class of diagrams of the
OPE but not to the complete contributions. However, we have seen previously that
the effect of the d = 7 condensates is negligible in the present channel.
• Our result differs from the LO one in14 who found the mass MBK = 5584(137)
MeV. One can understand the source of the discrepancy as the result of Ref. 14 has
been obtained for the sum rule variable M2 = (3 ∼ 6) GeV2 or equivalently for
τ ≡ 1/M2 ' (0.17 ∼ 0.33) GeV−2 which is outside the τ -stability region of about
0.6 GeV−2 (inflexion point for the mass and minimum for the coupling) as clearly
shown in Fig. 8. In addition to the sensitivity on the variation of τ h, one can notice
that, in this small τ -region, the result is also very sensitive to the choice of the
continuum threshold tc such that the prediction becomes unreliable.
9. B∗K/BK ratio from Double Ratio of Sum Rule (DRSR)
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Fig. 14. a) MB∗K/MBK at LO as function of τ for different values of tc, for µ = 4.5 GeV and for
the QCD parameters in Tables 2 and 3; b) The same as a) but at N2LO.
We cross-check the previous result by a direct estimate of the B∗K/BK mass and
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Fig. 15. a) fB∗K/fBK at LO as function of τ for different values of tc, for µ = 4.5 GeV and for the
QCD parameters in Tables 2 and 3; b) The same as a) but at N2LO.
coupling ratios using the Double Ratio of Sum Rule (DRSR) .22 As explicitly seen
hThe apparent stability shown in14 comes from the scale chosen for the figure frame.
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in ,24–33 DRSR has the advantage to be free from systematic uncertainties, to be less
sensitive to the PT and non-perturbative (NPT) corrections if they act in the same
signs in the two channels. The results of the analysis are shown in Figs. 14 and 15.
One can see that there is not a good stability in τ though the results change slightly
with it. Taking τ ' 0.6 GeV−2 where the ratio of sum rules predicting the absolute
value of the coupling and masses stabilizes, one deduces at N2LO for tc ' (34 ∼ 48)
GeV2:
MB∗K/MBK ' (0.999 ∼ 0.998) , and fB∗K/fBK ' (0.973 ∼ 0.972) . (40)
Using the value of MBK and fBK in Eq. 39, one can deduce:
MB∗K ' (5187± 15) MeV , and fB∗K ' (8.03± 1.71) keV , (41)
which confirms the previous estimates in Eq. 31.
10. Spectral functions of the B∗spi and Bspi molecules
10.1. B∗spi (1
+) axial-vector molecule
We shall also consider the two-point spectral function associated to the molecule
Bspi state with the current given in Table 1. Its QCD expression reads to lowest
order:
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M8b
5 214 pi6
[
5
x4
− 96
x3
− 945
x2
+
480
x
− 60
(
9
x2
+
16
x
+ 3
)
Log x+ 555 + x2
]
+
msM
7
b
212 pi6
[
1
x3
+
28
x2
+ 12
(
1
x2
+
3
x
+ 1
)
Log x− 28− x
]
,
ρ〈q¯q〉 = − M
5
b
28 pi4
κ〈q¯q〉
[
1
x2
+
9
x
+ 6
(
1
x
+ 1
)
Log x− 9− x
]
+
msM
4
b
211 pi4
κ〈q¯q〉
(
3
x2
− 16
x
− 12 Log x+ 12 + x2
)
;
ρ〈G
2〉 =
M4b
3 215 pi6
4pi〈αsG2〉
[
1
x2
− 120
x
− 12
(
4
x
+ 7
)
Log x+ 108 + 8x+ 3x2
]
,
ρ〈q¯Gq〉 =
3M3b
29 pi4
κ〈q¯Gq〉
(
1
x
+ 2 Log x− x
)
− msM
2
b
210 pi4
κ〈q¯Gq〉
(
4
x
+ 6 Log x− 1− 4 x+ x2
)
,
ρ〈q¯q〉
2
=
M2b
3 25 pi2
ρ〈q¯q〉2
(
2
x
− 3 + x2
)
+
msMb
24 pi2
ρ〈q¯q〉2(1− x)
ρ〈G
3〉 =
M2b
32 217 pi6
〈g3G3〉
[
9
x2
− 160
x
− 12
(
4
x
+ 9
)
Log x+ 144 + 7x2
]
(42)
The contribution of a class of d = 7 condensate for ms = 0 is:
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10.2. Bspi scalar molecule
The expression of the Bspi scalar two-point spectral function associated to the
molecule state with the current given in Table 1 reads to lowest order:
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+
80
x
− 60
(
2
x2
+
4
x
+ 1
)
Log x+ 155 + 4x
]
+
msM
7
b
212 pi6
[
1
x3
+
28
x2
+ 12
(
1
x2
+
3
x
+ 1
)
Log x− 28− x
]
,
ρ〈q¯q〉 = − M
5
b
28 pi4
κ〈q¯q〉
[
1
x2
+
9
x
+ 6
(
1
x
+ 1
)
Log x− 9− x
]
+
msM
4
b
29 pi4
κ〈q¯q〉
(
1
x2
− 6
x
− 6 Log x+ 3 + 2 x
)
;
ρ〈G
2〉 =
M4b
3 213 pi6
4pi〈αsG2〉
[
5
x2
+ 6
(
2
x
− 1
)
Log x− 9 + 4x
]
,
ρ〈q¯Gq〉 =
3M3b
28 pi4
κ〈q¯Gq〉
[
3
x
+
(
1
x
+ 3
)
Log x− 2− x
]
+
msM
2
b
28 pi4
κ〈q¯Gq〉
(
1
x
+ 3 Log x+ 1− 2 x
)
,
ρ〈q¯q〉
2
=
M2b
25 pi2
ρ〈q¯q〉2
(
1
x
− 2 + x
)
+
msMb
24 pi2
ρ〈q¯q〉2(1− x)
ρ〈G
3〉 =
M2b
3 215 pi6
〈g3G3〉
[
1
x2
− 21
x
− 6
(
1
x
+ 3
)
Log x+ 15 + 5x
]
(44)
The contribution of a class of d = 7 condensate for ms = 0 is:
ρ〈q¯q〉〈G
2〉 = −Mbκ〈q¯q〉
3 29pi4
4pi〈αsG2〉
(
1
x
+ 12 Logx+ 14− 15x
)
. (45)
11. Mass and coupling of the B∗spi (1
+) axial-vector molecule
11.1. τ - and tc-stability criteria at lowest order (LO)
The results of the analysis are shown in Fig. 16. For τ ' (0.58−0.62) GeV−2 where
the coupling presents a τ -minimum and the mass an inflexion point, one obtains for
tc ' (34 ∼ 48) GeV2:
fLOB∗spi ' (9.41 ∼ 9.55) keV and MLOB∗spi ' 5208 MeV . (46)
11.2. b-quark mass ambiguity at lowest order (LO)
In Fig. 17, we show the influence on the choice of the quark mass value on the
coupling and mass at lowest order. One can see an effect of about 2.2 keV (23%)
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Fig. 16. a) fB∗spi at LO as function of τ for different values of tc, µ = 4.5 GeV and for the QCD
parameters in Tables 2 and 3; b) The same as a) but for the mass.
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Fig. 17. a) fB∗spi at LO as function of τ for a given value of tc = 38 GeV
2, µ = 4.5 GeV and for
the QCD parameters in Tables 2 and 3; The OPE is truncated at d = 6. We compare the effect of the
on-shell or pole mass Mb = 4.66 GeV and of the running mass m¯b(m¯b) = 4.18 GeV; b) The same as a)
but for the mass.
for the coupling and about 4 MeV for the mass MB∗spi.
11.3. µ-dependence of the result at NLO
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Fig. 18. a) MB∗spi at NLO as function of µ, for the corresponding τ -stability region, for tc ' 48 GeV
2
and for the QCD parameters in Tables 2 and 3; b) The same as a) but for the renormalization group
invariant coupling fˆB∗spi .
We study the µ-dependence of the result including αs-corrections.
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11.4. Test of the convergence of the PT series
We show in Fig. 19 the behaviour of the results for a given value of tc and of µ and
for different truncation of the PT series. One can notice small PT corrections for
the mass and coupling predictions.
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Fig. 19. a) MB∗spi as function of τ for different truncation of the PT series at a given value of tc=48
GeV2, µ = 4.5 GeV and for the QCD parameters in Tables 2 and 3; b) The same as a) but for the
coupling fB∗spi .
11.5. Error induced by the OPE
Like in previous section, we estimate this effect by taking a violation of about a
factor 4 of the factorization assumption for the d = 7 condensates. The analysis is
shown in Fig. 20 from which we deduce:
∆fOPEB∗spi ' ±1.80 keV , ∆MOPEB∗spi ' ±5 MeV . (47)
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Fig. 20. a) MB∗spi as function of τ , for different values of the d = 7 condensate contribution (χ
measures the violation of factorization), at a given value of tc=48 GeV
2, µ = 4.5 GeV and for the QCD
parameters in Tables 2 and 3; b) The same as a) but for the coupling fB∗spi .
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11.6. Final results at N2LO
We conclude from the previous analysis the results at N2LO and for µ =5 GeV:
MB∗spi ' (5200± 18) MeV ,
fˆB∗spi ' (5.61± 1.32) keV =⇒ fB∗spi(4.5) ' (10.23± 2.40) keV . (48)
12. Mass and coupling of the Bspi (0
+) scalar molecule
12.1. τ - and tc-stability criteria at lowest order (LO)
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Fig. 21. a) fBspi at LO as function of τ for different values of tc, µ = 4.5 GeV and for the QCD
parameters in Tables 2 and 3; b) The same as a) but for the mass MBspi .
The results of the analysis are shown in Fig. 21. For τ ' (0.58−0.62) GeV−2 where
the coupling presents a τ -minimum and the mass an inflexion point, one obtains for
tc ' (34 ∼ 48) GeV2:
fLOBspi ' (9.65 ∼ 9.80) keV and MLOBspi ' (5234 ∼ 5235) MeV . (49)
12.2. b-quark mass ambiguity at lowest order (LO)
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Fig. 22. a) fBspi at LO as function of τ for a given value of tc = 48 GeV
2, µ = 4.5 GeV and for
the QCD parameters in Tables 2 and 3; The OPE is truncated at d = 6. We compare the effect of the
on-shell or pole mass Mb = 4.66 GeV and of the running mass m¯b(m¯b) = 4.18 GeV; b) The same as a)
but for the mass MBspi .
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In Fig. 22, we show the influence on the choice of the quark mass value on the
coupling and mass at lowest order. One can see an effect of about 27% for the
coupling and about 5% for the mass.
12.3. µ-subtraction point stability
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Fig. 23. a) MBspi at NLO as function of µ, for the corresponding τ -stability region, for tc ' 48 GeV2
and for the QCD parameters in Tables 2 and 3; b) The same as a) but for the renormalization group
invariant coupling fˆBspi .
We show in Fig. 23 the dependence of MBspi and of the renormalization group in-
variant coupling fˆBspi obtained at NLO of PT series on the choice of the subtraction
constant µ. We consider as an optimal values the ones obtained for µ ' 5.0 GeV
where we have a minimum for the mass and a slight inflexion point for fˆBspi. We
deduce for tc ' (34 ∼ 48) GeV2:
MNLOBspi (µ) ' (5196 ∼ 5198) MeV and fˆNLOBspi (µ) ' (3.12 ∼ 3.18) keV . (50)
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Fig. 24. a) MBspi as function of τ for different truncation of the PT series at a given value of tc=48
GeV2, µ = 4.5 GeV and for the QCD parameters in Tables 2 and 3; b) The same as a) but for the
coupling fBspi .
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12.4. Test of the convergence of the PT series
We show in Fig. 24 the behaviour of the results for a given value of tc and for different
truncation of the PT series. One can notice small PT corrections for the mass
predictions because these corrections tend to compensate in the ratio of sum rules.
For the coupling, the correction is large from LO to NLO. For both observables,
one can notice a good convergence of the PT series from LO to N2LO.
12.5. Error induced by the OPE
Like in previous section, we estimate this effect by taking a violation of about a
factor 4 of the factorization assumption for the d = 7 condensates. The analysis is
shown in Fig. 25 from which we deduce for tc ' (34 ∼ 48) GeV2:
∆fOPEBspi ' ±1.48 keV , ∆MOPEBspi ' ±1 MeV . (51)
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Fig. 25. a) MBspi as function of τ , for different values of the d = 7 condensate contribution (χ
measures the violation of factorization), at a given value of tc=48 GeV
2, µ = 4.5 GeV and for the QCD
parameters in Tables 2 and 3; b) The same as a) but for the coupling fBspi .
12.6. Final results
We show in Table 4 our estimate of the different sources of errors. Adding quadrati-
cally the different sources of errors, we consider as a final estimate for µ 5 GeV and
to order α2s or at N2LO of the perturbative series:
MBspi ' (5199± 24) MeV ,
fˆBspi ' (3.15± 0.70) keV =⇒ fBspi ' (10.5± 2.3) keV, (52)
which we list in Table 7. One can notice that the Bspi molecule mass (if any) is also
expected to be below the physical Bspi threshold of 5500 MeV.
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13. QCD expression of the 0+ scalar four-quark (su)(bd) states
Using the expression of the vector current in Table 1, we deduce the expression of
the scalar spectral function from the longitudinal part of the correlator.
ρpert =
(1 + k2)Mb
8
5 3 213pi4
[
1
x4
− 16
x3
− 65
x2
+
160
x
− 60
(
1
x2
− 1
)
Log(x)− 65− 16x+ x2
]
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ρ〈q¯q〉 = − (1− k
2)M5b
3 26 pi4
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(
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x
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)
Log(x)− 9− x
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][
1
x2
+ 12 Log(x) + 12− 16x+ 3x2
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ρ〈G
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32 213 pi6
4pi〈αsG2〉
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5
x2
+
40
x
+ 24
(
1
x
+ 2
)
Log(x)− 18− 32x+ 5x2
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ρ〈q¯Gq〉 =
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1
x
+ 2 Log(x)− x
]
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2
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3 23 pi2
ρ〈q¯q〉κ(1− x)2 + msMb
3 23 pi2
ρ〈q¯q〉2
[
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ρ〈G
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32 215 pi6
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x
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. (53)
The contribution of a class of d = 7 condensate for ms = 0 is:
ρ〈q¯q〉〈G
2〉 = −(1− k2)Mb〈q¯q〉
32 28pi4
4pi〈αsG2〉
(
2
x
+ 6 Logx+ 7− 9x
)
. (54)
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Fig. 26. a) MSb at LO as function of τ for different values of tc, µ = 4.5 GeV, mixing of currents
k = 0 and for the QCD parameters in Tables 2 and 3; b) The same as a) but for the coupling fS .
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Fig. 27. a) MSb at LO as function of the mixing of currents k, for τ = 0.6 GeV
−2, µ = 4.5 GeV,
tc=48 GeV
2 and for the QCD parameters in Tables 2 and 3; b) The same as a) but for the coupling fSb .
14. Mass and coupling of the 0+ scalar Sb four-quark state
14.1. τ - and tc-stabilities
We study the τ - and tc-stabilities of the mass and coupling predictions in Fig. 26
by fixing the subtraction point µ=4.5 GeV and the mixing of current k defined in
Table 1 to be equal to zero. We have an inflexion point for the mass and a minimum
for the coupling for τ ' (0.56 ∼ 0.6) GeV−2. This τ -stability is reached from tc ' 34
GeV2 while tc-stability is obtained around tc = 48 GeV
2.
14.2. Optimal choice of the four-quark currents
We show in Fig. 27 the behaviour of the mass and coupling predictions versus the
mixing of current k defined in Table 1 given the value τ ' 0.6 GeV−2, µ = 4.5
GeV, tc=48 GeV
2 and for the QCD parameters in Table 2. One can notice that the
optimal choice is obtained for k = 0 which can simply be understood analytically
by taking the zero of the derivative of the spectral function versus k:
∂ρ
∂k
= 0 =⇒ k = 0. (55)
14.3. Lowest Order (LO) results
Therefore, to the LO approximation, we deduce from Fig. 26 at the stability region:
MLOSb ' (5.19 ∼ 5.18) GeV and fLOSb ' (8.49 ∼ 8.62) keV . (56)
14.4. b-quark mass ambiguity at lowest order (LO)
We compare in Fig. 28 the result when we use the b-quark pole mass value of 4.66
GeV 66 and the running mass m¯b(mb) = 4.18 GeV in Table 2. One can find that
this ( a priori) choice introduces an intrinsic source of error :
∆MLOSb ' 43 MeV and ∆fLOSb ' 2.6 keV , (57)
which should be added into the error when one does the LO analysis.
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Table 5. Different sources of errors for the estimate of the axial-vector (Ab,c) and scalar
four-quark (Sb,c) masses (in units of MeV) and couplings (in units of keV).
Inputs [GeV ]d ∆MSb ∆fSb ∆MAb ∆fAb ∆MSc ∆fSc ∆MAc ∆fAc
LSR parameters
tcc = (12 ∼ 18) – – – – 0.5 2.7 7 2
tbc = (34 ∼ 48) 4 0.16 2 0.12 – – – –
µc = (2.0 ∼ 2.5) – – – – 0.5 11 9.5 15
µb = (4.5 ∼ 5.0) 1 0.34 6 0.36 – – – –
τ = τmin ± 0.02 15 0.01 12 0.01 30 0.12 28 0.2
QCD inputs
m¯b,c 0.85 0.024 0.85 0.026 5.0 2.2 5.5 3.2
m¯s 0.58 0.058 0.13 0.025 1.62 1.57 1.66 0.67
αs 5.60 0.19 5.64 0.21 7.9 4.7 7.86 6.70
〈q¯q〉 0.63 0.004 0.43 0.006 6.4 0.58 3.7 0.33
κ 1.88 1.11 4.86 1.05 28.3 21.5 12.9 29.1
〈αsG2〉 0.63 0.010 0.48 0.008 3.35 1.0 1.43 0.74
M20 1.95 0.056 1.43 0.054 4.1 3.43 1.65 3.06
〈q¯q〉2 4.4 1.48 2.96 1.45 51 29.6 30.6 37.4
〈g3G3〉 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
d ≥ 7 1.0 1.4 2.0 1.49 11.0 25.4 10.0 23.3
Total errors 17.4 2.36 16.1 2.37 68.0 46.5 47.0 55.0
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Fig. 28. a) MSb at LO as function of τ for a given value of tc = 48 GeV
2, µ = 4.5 GeV, mixing
of currents k = 0 and for the QCD parameters in Table 2 and 3; The OPE is truncated at d = 6. We
compare the effect of the on-shell or pole mass Mb = 4.66 GeV and of the running mass m¯b(m¯b) = 4.18
GeV; b) The same as a) but for the coupling fSb .
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Fig. 29. a) MSb as function of τ for different truncation of the PT series at a given value of tc=48
GeV2, µ = 4.5 GeV and for the QCD parameters in Tables 2 and 3; b) The same as a) but for the
coupling fSb .
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14.5. Comparison of the LO results with the previous ones
• We also compare our QCD expression of the spectral function with the ones
in16–18 where all authors use the four-quark current :
J4q = (s
T γ5Cu)(b¯γ5Cd¯
T ) , (58)
which corresponds to the optimal choice k = 0, while, equivalently, we take the
longitudinal part of the correlator associated to the current defined in Table 1:
– We do not agree with the QCD expression given in Ref. 15 (see footnote on
page 18).
– We agree with the perturbative and 〈αsG2〉 coefficient of,17 while the
coefficient of their 〈q¯q〉 is higher than ours by about a factor 1.3. We
differs with17 for the four-quark condensate 〈q¯q〉2 coefficient which is about
a factor 3 smaller in absolute value than the one of.16
– Ref. 18 does not provide the expressions of his spectral function such that
no comparison can be done.
• Hopefully, such discrepancies will affect only slightly the numerical analysis
below because the contributions of the condensates are small though necessary
corrections in the OPE.
• One can compare our numerical results with the ones in16–18 where the running
mass m¯b(mb) ' (4.18 ∼ 4.24) GeV has been implicitly used in different papers:
– The authors in Ref. 16 choose τ ' (0.33 ∼ 0.45) GeV−2, tc ' (35 ∼ 37)
GeV2, m¯b(m¯b) ' 4.24 GeV and found MSb = (5.58± 0.17) GeV.
– The authors in Ref. 17 take τ ' (0.14 ∼ 0.17) GeV−2, tc ' 34 GeV2,
m¯b(m¯b) = 4.18 GeV and obtain : MSb = (5.58± 0.14) GeV.
– The author in Ref. 18 uses τ ' (0.20 ∼ 0.22) GeV−2, tc ' 37 GeV2,
m¯b(m¯b) = 4.18 GeV and predicts : MSb = (5.57± 0.12) GeV and fSb = 6.9
keV.
• Using the previous values of the set (τ, tc, m¯b(m¯b)) choosen by previous au-
thors, and our set of QCD parameters in Table 2, we deduce from Fig. 26:
– MSb = (5.32 ∼ 5.46) GeV (Ref. 16 choice) ,
– MSb = (5.46 ∼ 5.47) GeV (Ref. 17 choice) ,
– MSb = (5.54 ∼ 5.57) GeV (Ref. 18 choice) ,
which agrees within the errors with the previous results.
• However, one should note that in the low-value of τ outside the stability regions
used by different authors, the mass and the coupling are very sensitive to the value
of the continuum threshold tc as can be inspected from Fig. 26. In addition, the
value of the mass is also affected by the change of τ i such that these predictions
become unreliable.
iLike in,14 the apparent stability shown in the figures of16–18 is only due to the choosen scale of
the frame and to the small range of variation of τ or equivalently M2.
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14.6. Improvement of the LO results including HO corrections
• We improve the previous LO results by including higher order (HO) pertur-
bative corrections. In so doing, we assume that these corrections are dominated
by the one from factorized diagrams (leading order in 1/Nc-expansion where Nc
is the colour number). This assumption can be supported by the analysis of the
(b¯d)(d¯b) four-quark correlator controlling the B¯0B0 mixing by47 where it has been
shown that the non-factorizable diagram gives a small αs-correction of about 10%
of the factorizable one. Within this assumption, we proceeds like in the case of the
molecule by using the four-quark correlator as a convolution of two correlator built
from bilinear quark anti-quark fields after Fierz transformations.
• We show the effects of these PT corrections in Fig. 29 for µ = 4.5 GeV and
tc = 48 GeV
2, where one can notice that these corrections are small.
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Fig. 30. a) MSb at NLO as function of µ, for the corresponding τ -stability region, for tc ' 48 GeV2
and for the QCD parameters in Tables 2 and 3; b) The same as a) but for the renormalization group
invariant coupling fˆSb .
14.7. µ-subtraction point stability
We show in Fig. 30 the dependence of MSb and of the renormalization group in-
variant coupling fˆSb obtained at NLO of PT series on the choice of the subtraction
constant µ. We consider as an optimal values the ones obtained for µ ' (4.5 ∼ 5)
GeV where we have a plateau for the mass and a slight inflexion point for fˆBK . We
deduce:
MNLOSb (4.5) ' (5197 ∼ 5195) MeV ,
fˆNLOSb ' (2.93 ∼ 3.02) keV =⇒ fNLOSb (4.5) ' (9.38 ∼ 10.06) keV .(59)
14.8. Error induced by the truncation of the OPE
We show in Fig. 31 the effect of a class of d = 7 condensates for different values of
the factorization violation parameter χ. Our estimate of the error induced by the
truncation of the OPE corresponds to the choice χ = 4.
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Fig. 31. a)MSb as function of τ , for different values of the d = 7 condensate contribution (χ measures
the violation of factorization), at a given value of tc=48 GeV
2, µ = 4.5 GeV and for the QCD parameters
in Tables 2 and 3; b) The same as a) but for the coupling fSb .
14.9. Final results
We conclude from previous analysis that the mass and coupling of the 0+ scalar
four-quark state to N2LO is:
MSb ' (5196± 17) MeV ,
fˆSb ' (2.98± 0.70) keV =⇒ fSb(4.5) ' (9.99± 2.36) keV , (60)
where the errors come from Table 5. Our mass prediction is lower than previous
sum rule results 16–18 and the D0 candidate X(5568).
15. Spectral function of the axial-vector four-quark (su)(bd) state
The expression of the axial-vector spectral function comes from the transverse part
of the corresponding correlator built from the 1+ current. It reads:
ρpert =
(1 + k2)M8b
5 3 213pi6
[
5
x4
− 96
x3
− 945
x2
+
480
x
− 60
(
9
x2
+
16
x
+ 3
)
Log(x) + 555 + x2
]
,
ρ〈q¯q〉 = − (1− k
2)M5b
3 26 pi4
〈q¯q〉
[
1
x2
+
9
x
+ 6
(
1
x
+ 1
)
Log(x)− 9− x
]
− msM
4
b
3 29 pi4
〈q¯q〉
[
2(1− k2)− (1 + k2)κ
](
3
x2
− 16
x
− 12 Log(x) + 12 + x2
)
,
ρ〈G
2〉 = − (1 + k
2)m4b
33 213 pi6
4pi〈αsG2〉
[
3
x2
+
212
x
+ 48
(
2
x
+ 3
)
Log(x)− 198− 12x− 5x2
]
,
ρ〈q¯Gq〉 =
(1− k2)M3b
27 pi4
〈q¯Gq〉
(
1
x
+ 2 Log(x)− x
)
+
msM
2
b
32 28 pi4
〈q¯Gq〉
[
6(1− k2) + (1 + k2)κ
](
2
x
− 3 + x2
)
,
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ρ〈q¯q〉
2
=
(1− k2)M2b
32 23 pi2
ρ〈q¯q〉2κ
(
2
x
− 3 + x2
)
+
msMb
3 23 pi2
ρ〈q¯q〉2
[
2(1 + k2)− (1− k2)κ
]
(1− x) ,
ρ〈G
3〉 =
(1 + k2)M2b
33 215 pi6
〈g3sG3〉
[
9
x2
− 160
x
− 12
(
4
x
+ 9
)
Log(x) + 144 + 7x2
]
.(61)
The contribution of a class of d = 7 condensate for ms = 0 is:
ρ〈q¯q〉〈G
2〉 = −(1− k2)Mb〈q¯q〉
32 28pi4
4pi〈αsG2〉
(
2
x
+ 6 Logx+ 7− 9x
)
. (62)
16. Mass and coupling of the 1+ axial-vector four-quark state
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Fig. 32. a) MAb at LO as function of τ and different values of tc. We use µ = 4.5 GeV, the mixing
parameter k = 0 and the QCD parameters in Tables 2 and 3; b) The same as a) but for the coupling
fAb .
The analysis is similar to the one in previous sections. The curves have the same
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Fig. 33. The same as Fig. 32 but for NLO.
feature as the one of the 0+ scalar state. The optimal choice of the interpolating
current is also obtained for k = 0.
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Fig. 34. a) MAb as function of τ for different truncation of the PT series at a given value of tc=48
GeV2, µ = 4.5 GeV and for the QCD parameters in Tables 2 and 3; b) The same as a) but for the
coupling fAb .
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Fig. 35. a) MAb at NLO as function of µ, for the corresponding τ -stability region, for tc ' 48 GeV2
and for the QCD parameters in Tables 2 and 3; b) The same as a) but for the renormalization group
invariant coupling fˆAb .
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Fig. 36. a)MAb as function of τ , for different values of the d = 7 condensate contribution (χ measures
the violation of factorization), at a given value of tc=48 GeV
2, µ = 4.5 GeV and for the QCD parameters
in Tables 2 and 3; b) The same as a) but for the coupling fAb .
16.1. τ - and tc-stabilities
•We show in Fig. 32 the τ -behaviour of the mass and coupling at LO for different
tc and for µ=4.5 GeV.
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16.2. NLO result and HO PT corrections
The NLO result is shown in Fig. 33 and a comparison of the effects of PT corrections
is shown in Fig. 34. We have τ -stability for τ ' (0.52 ∼ 0.56) GeV−2 while the
corresponding range of tc values is from 34 to 48 GeV
2.
16.3. µ- subtraction point stability at NLO
We study the effect of the subtraction point in Fig. 35 where we have stability for
µ ' 4.5 GeV.
16.4. Error induced by the truncation of the OPE
We show in Fig. 36 the effect of a class of d = 7 condensates for different values of
the factorization violation parameter χ. Our estimate of the error induced by the
truncation of the OPE corresponds to the choice χ = 4.
16.5. Final results
From previous analysis, we deduce the final results to N2LO:
MAb ' (5186± 16) MeV ,
fˆAb ' (5.05± 1.32) keV =⇒ fAb ' (9.04± 2.37) keV , (63)
where the errors come from the quadratic sum of the ones in Table 5.
17. Extension of the analysis to the charm quark
One can naturally extend the previous analysis done in the b-quark channel to the
charm quark. In so doing, we replace the b-quark mass by the c-quark one, use
nf = 4 and the QCD parameters in Tables 2 and 3.
17.1. 0+ scalar DK molecule
• The analysis is very similar to the previous one which we illustrate for the
case of a scalar DK molecule. In Fig. 37, we show the τ -behaviour of the mass and
coupling to lowest order (LO) for different values of tc, for µ = 2 GeV and for the
input parameters in Tables 2 and 3. One can see a τ -stability of about 0.6 GeV−2
starting from tc = 12 GeV
2 while tc-stability is reached from tc = 18 GeV
2. At
lowest order, one obtains for µ=2 GeV:
MLODK ' (2395 ∼ 2397) MeV and fLODK ' (250 ∼ 254) keV . (64)
• The analysis of the µ-behaviour in Fig. 39 indicates a µ-stability for µ =
2 GeV .
• The effects of the truncation of the PT series are shown in Fig. 40. One can
notice that the PT corrections are small both for the coupling and for the mass
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Fig. 37. a) MDK at LO as function of τ and different values of tc. We use µ = 2 GeV, the mixing
parameter k = 0 and the QCD parameters in Tables 2 and 3; b) The same as a) but for the coupling
fDK .
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Fig. 38. a) MDK at LO as function of τ for a given value of tc = 18 GeV
2, µ = 2 GeV, mixing of
currents k = 0 and for the QCD parameters in Tables 2 and 3. The OPE is truncated at d = 6. We
compare the effect of the on-shell or pole mass Mc = 1.47 GeV and of the running mass m¯c(m¯c) = 1.26
GeV; b) The same as a) but for the coupling fDK .
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Fig. 39. a) MDK at NLO as function of µ, for the corresponding τ -stability region, for tc ' 18 GeV2
and for the QCD parameters in Tables 2 and 3. b) The same as a) but for the renormalization group
invariant coupling fˆDK .
which justify the LO result and the (a priori) use of the running heavy quark mass.
It also shows that the effect of the tachyonic gluon mass is small by duality with
HO corrections.
• The convergence of the OPE is tested in Fig. 41 by adding the contribution of
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Fig. 40. a) MDK as function of τ for different truncation of the PT series at a given value of tc=18
GeV2, µ = 2 GeV and for the QCD parameters in Tables 2 and 3; b) The same as a) but for the coupling
fDK .
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Fig. 41. a)MDK as function of τ , for different values of the d = 7 condensate contribution (χ measures
the violation of factorization), at a given value of tc=18 GeV
2, µ = 2 GeV and for the QCD parameters
in Tables 2 and 3; b) The same as a) but for the coupling fDK .
Table 6. Different sources of errors for the estimate of the molecule masses (in units of MeV) and
couplings (in units of keV) in the c-quark channel.
Inputs [GeV ]d ∆MD∗K ∆fD∗K ∆MDK ∆fDK ∆MD∗spi ∆fD∗spi ∆MDspi ∆fDspi
LSR parameters
tc = (12 ∼ 18) 2 1.5 0.0 1.5 8.5 2.5 2.5 2
µ = (2.0 ∼ 2.5) 9 13.5 5 15.5 4 14.5 4.5 17
τ = τmin ± 0.02 24 0.17 24 0.10 30 0.12 23.2 0.06
QCD inputs
m¯c 5.4 2.8 5.5 6.7 5.0 3.32 5.58 3.58
m¯s 0.13 0.55 0.13 0.48 0.85 0.76 1.0 0.63
αs 7.9 5.8 8.1 6.68 9.0 6.55 7.92 7.32
〈q¯q〉 3.7 0.24 3.4 0.51 1.58 0.16 0.36 0.36
κ 11.4 22.5 13.5 27.9 6.83 0.7 8.10 1.58
〈αsG2〉 2.1 1.3 4.7 1.95 2.16 1.13 0.60 1.83
M20 2.3 2.8 1.60 1.38 0.90 1.28 0.60 0.47
〈q¯q〉2 32.1 32.5 29.4 34.9 34 37.37 23.05 41.23
〈g3G3〉 0 0 0.0 0.0 0.0 0.0 0.0 0.0
d ≥ 7 3 31.4 1 4.7 3.5 27.6 7 2
Total errors 48.1 52.4 42 48 48.1 49.4 36.7 46
the d = 7 condensate. It induces an error:
∆fOPEDK ' ±4.7 keV , ∆MOPEDK ' ±1 MeV . (65)
• From the previous analysis, we deduce the final result including N2LO PT
perturbative ⊕ d ≤ 6 dimension contributions taking tc ' 12 ∼ 18 GeV2 and
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µ=2 GeV:
MDK ' (2402± 42) MeV ,
fˆDK ' (139± 26) keV =⇒ fDK ' (254± 48) keV , (66)
where the different sources of errors come from Table 6.
17.2. 1+ axial-vector D∗K molecule
• The analysis of the 1+ D∗K molecule exhibits the same feature as the one of
the DK molecule. We show the results of the analysis in Figs 42 to 46. The optimal
result is obtained for µ ' 2 GeV:
MD∗K ' (2395± 48) MeV ,
fˆD∗K ' (155± 36) keV =⇒ fD∗K ' (226± 52) keV , (67)
where the different sources of errors come from Table 6.
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Fig. 42. a) MD∗K at LO as function of τ and different values of tc. We use µ = 2 GeV, the mixing
parameter k = 0 and the QCD parameters in Tables 2 and 3; b) The same as a) but for the coupling
fD∗K .
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Fig. 43. a) MD∗K at LO as function of τ for a given value of tc = 18 GeV
2, µ = 2 GeV, mixing
of currents k = 0 and for the QCD parameters in Tables 2 and 3. The OPE is truncated at d = 6. We
compare the effect of the on-shell or pole mass Mc = 1.47 GeV and of the running mass m¯c(m¯c) = 1.26
GeV; b) The same as a) but for the coupling fD∗K .
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Fig. 44. a)MD∗K at NLO as function of µ, for the corresponding τ -stability region, for tc ' 18 GeV2
and for the QCD parameters in Tables 2 and 3; b) The same as a) but for the renormalization group
invariant coupling fˆD∗K .
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Fig. 45. a) MD∗K as function of τ for different truncation of the PT series at a given value of tc=18
GeV2, µ = 2 GeV and for the QCD parameters in Tables 2 and 3; b) The same as a) but for the coupling
fD∗K .
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Fig. 46. a) MD∗K as function of τ , for different values of the d = 7 condensate contribution (χ
measures the violation of factorization), at a given value of tc=18 GeV
2, µ = 2 GeV and for the QCD
parameters in Tables 2 and 3; b) The same as a) but for the coupling fD∗K .
17.3. 1+ axial- vector D∗spi molecule
• The analysis is similar to the previous ones. We show the results of the analysis
in Figs 47 to 51. Here, the optimal result is obtained for µ ' 2.5 GeV. Using the
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errors quoted in Table 6, we deduce at N2LO:
MD∗spi ' (2395± 48) MeV ,
fˆD∗spi ' (215± 35) keV =⇒ fD∗spi ' (308± 49) keV , (68)
where the different sources of errors come from Table 6.
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Fig. 47. a) MD∗spi at LO as function of τ and different values of tc. We use µ = 2 GeV, the mixing
parameter k = 0 and the QCD parameters in Tables 2 and 3; b) The same as a) but for the coupling
fD∗spi .
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Fig. 48. a) MD∗spi at LO as function of τ for a given value of tc = 18 GeV
2, µ = 2 GeV and for
the QCD parameters in Tables 2 and 3. The OPE is truncated at d = 6. We compare the effect of the
on-shell or pole mass Mc = 1.47 GeV and of the running mass m¯c(m¯c) = 1.26 GeV; b) The same as a)
but for the coupling fD∗spi .
17.4. 0+ scalar Dspi molecule
• The analysis is similar to the previous ones. We show the results of the
analysis in Figs 52 to 56. Using the error quoted in Table 4, we deduce at N2LO and
for µ = 2.5 GeV:
MDspi ' (2404± 37) MeV ,
fˆDspi ' (160± 22) keV =⇒ fDspi ' (331± 46) keV , (69)
where the different sources of errors come from Table 6.
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Fig. 49. a) MD∗spi at NLO as function of µ, for the corresponding τ -stability region, for tc ' 18 GeV
2
and for the QCD parameters in Tables 2 and 3; b) The same as a) but for the renormalization group
invariant coupling fˆD∗spi .
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Fig. 50. a) MD∗spi as function of τ for different truncation of the PT series at a given value of tc=18
GeV2, µ = 2 GeV and for the QCD parameters in Tables 2 and 3; b) The same as a) but for the coupling
fD∗spi .
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Fig. 51. a) MD∗spi as function of τ , for different values of the d = 7 condensate contribution (χ
measures the violation of factorization), at a given value of tc=18 GeV
2, µ = 2 GeV and for the QCD
parameters in Tables 2 and 3; b) The same as a) but for the coupling fD∗spi .
17.5. 0+ scalar four-quark state
• The analysis is very similar to the previous one. In Fig. 57, we show the τ -
behaviour of the mass and coupling at lowest order (LO) for different values of
tc, for µ = 2 GeV and for the input parameters in Tables 2 and 3. One can see
a τ -stability of about 0.6 GeV−2 starting from tc = 12 GeV2 while tc-stability is
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Fig. 52. a) MDspi at LO as function of τ and different values of tc. We use µ = 2.5 GeV, the mixing
parameter k = 0 and the QCD parameters in Tables 2 and 3; b) The same as a) but for the coupling
fDspi .
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Fig. 53. a) MDspi at LO as function of τ for a given value of tc = 18 GeV
2, µ = 2.5 GeV, mixing
of currents k = 0 and for the QCD parameters in Tables 2 and 3. The OPE is truncated at d = 6. We
compare the effect of the on-shell or pole mass Mc = 1.47 GeV and of the running mass m¯c(m¯c) = 1.26
GeV; b) The same as a) but for the coupling fDspi .
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Fig. 54. a) MDspi at LO as function of µ, for the corresponding τ -stability region, for tc ' 18 GeV2
and for the QCD parameters in Tables 2 and 3; b) The same as a) but for the renormalization group
invariant coupling fˆDspi .
reached from tc = 18 GeV
2.
17.6. Error induced by the truncation of the OPE
We show in Fig. 61 the effect of a class of d = 7 condensates for different values of
the factorization violation parameter χ. Our estimate of the error induced by the
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Fig. 55. a) MDspi as function of τ for different truncation of the PT series at a given value of tc=18
GeV2, µ = 2.5 GeV and for the QCD parameters in Tables 2 and 3; b) The same as a) but for the
coupling fDspi .
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Fig. 56. a) MDspi as function of τ , for different values of the d = 7 condensate contribution (χ
measures the violation of factorization), at a given value of tc=18 GeV
2, µ = 2 GeV and for the QCD
parameters in Tables 2 and 3; b) The same as a) but for the coupling fDspi .
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Fig. 57. a) MSc at LO as function of τ for µ = 2 GeV, tc=18 GeV
2, mixing currents k = 0 and for
the QCD parameters in Tables 2 and 3; b) The same as a) but for the coupling fSc .
truncation of the OPE corresponds to the choice χ = 4. At lowest order, one obtains
for µ=2 GeV:
MLOSc ' (2381 ∼ 2386) MeV and fLOSc ' (215 ∼ 221) keV . (70)
• The analysis of the µ-behaviour in Fig. 59 indicates a µ-stability for µ = 2 GeV.
• The effects of the truncation of the PT series are shown in Fig. 60, where one
can notice that the PT corrections are small both for the coupling and for the mass.
• From the previous analysis, we deduce the final result including N2LO PT
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Fig. 58. a) MSc at LO as function of τ for a given value of tc = 18 GeV
2, µ = 2 GeV, mixing of
currents k = 0 and for the QCD parameters in Tables 2 and 3; The OPE is truncated at d = 6. We
compare the effect of the on-shell or pole mass Mc = 1.47 GeV and of the running mass m¯c(m¯c) = 1.26
GeV; b) The same as a) but for the coupling fSc .
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Fig. 59. a) MSc at NLO as function of µ, for the corresponding τ -stability region, for tc ' 18 GeV2
and for the QCD parameters in Tables 2 and 3; b) The same as a) but for the renormalization group
invariant coupling fˆSc .
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Fig. 60. a) MSc as function of τ for different truncation of the PT series at a given value of tc=18
GeV2, µ = 2 GeV and for the QCD parameters in Tables 2 and 3; b) The same as a) but for the coupling
fSc .
perturbative ⊕ d ≤ 6 dimension contributions. We take tc ' (12 ∼ 18) GeV2 and
the optimal choice µ=2 GeV:
MSc ' (2395± 68) MeV ,
fˆSc ' (122± 26) keV =⇒ fSc ' (221± 47) keV , (71)
where the different sources of errors come from Table 6.
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Fig. 61. a)MSc as function of τ , for different values of the d = 7 condensate contribution (χ measures
the violation of factorization), at a given value of tc=18 GeV
2, µ = 2 GeV and for the QCD parameters
in Tables 2 and 3; b) The same as a) but for the coupling fSc .
17.7. 1+ axial-vector four-quark state
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Fig. 62. a) MAc at LO as function of τ for µ = 2 GeV, tc=18 GeV
2, mixing currents k = 0 and for
the QCD parameters in Tables 2 and 3; b) The same as a) but for the coupling fAc .
We repeat the previous analysis for the 1+ axial-vector four-quark state. In Fig. 62,
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Fig. 63. a) MAc at LO as function of τ for a given value of tc = 18 GeV
2, µ = 2 GeV, mixing of
currents k = 0 and for the QCD parameters in Tables 2 and 3. The OPE is truncated at d = 6. We
compare the effect of the on-shell or pole mass Mc = 1.47 GeV and of the running mass m¯c(m¯c) = 1.26
GeV; b) The same as a) but for the coupling fAc .
we show the τ -behaviour of the mass and coupling at lowest order (LO) for different
values of tc, for µ = 2 GeV and for the input parameters in Tables 2 and 3. One can
October 9, 2018 12:34 WSPC/INSTRUCTION FILE x5568
46 R.M. Albuquerque et al.
0.3 0.4 0.5 0.6 0.7 0.8
2.2
2.4
2.6
2.8
3.0
3.2
3.4
Τ @GeV-2D
M
A@
G
eV
D
N2LO
NLO
LO
tc=18 GeV2 Μ = 2 GeV
0.3 0.4 0.5 0.6 0.7 0.8
260
280
300
320
340
360
Τ @GeV-2D
f A@
ke
V
D
N2LO
NLO
LO
tc=18 GeV2 Μ = 2 GeV
a) b)
Fig. 64. a) MAc as function of τ for different truncation of the PT series at a given value of tc=18
GeV2, µ = 2 GeV and for the QCD parameters in Tables 2 and 3. b) The same as a) but for the coupling
fAc .
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Fig. 65. a) MAc at NLO as function of µ, for the corresponding τ -stability region, for tc ' 18 GeV2
and for the QCD parameters in Tables 2 and 3. b) The same as a) but for the renormalization group
invariant coupling fˆAc .
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Fig. 66. a)MAc as function of τ , for different values of the d = 7 condensate contribution (χ measures
the violation of factorization), at a given value of tc=18 GeV
2, µ = 2 GeV and for the QCD parameters
in Tables 2 and 3; b) The same as a) but for the coupling fAc .
see a τ -stability of about 0.6 GeV−2 starting from tc = 12 GeV2 while tc-stability
is reached from tc = 18 GeV
2. At lowest order, one obtains for µ=2 GeV:
MLOAc ' (2387 ∼ 2401) MeV and fLOAc ' (256 ∼ 261) keV . (72)
• The effect on the choice of mass (running or pole) is shown in Fig. 63.
• The effects of the truncation of the PT series are shown in Fig. 64 where one
can notice that the PT corrections are small both for the coupling and for the mass.
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• The analysis of the µ-behaviour in Fig. 65 indicates a µ-stability for µ = 2 GeV.
•We show in Fig. 66 the effect of a class of d = 7 condensates for different values
of the factorization violation parameter χ. Our estimate of the error induced by the
truncation of the OPE corresponds to the choice χ = 4.
• From the previous analysis, we deduce the final result including N2LO PT
perturbative ⊕ d ≤ 6 dimension contributions:
MAc ' (2400± 47) MeV ,
fˆAc ' (192± 41) keV =⇒ fAc ' (260± 55) keV , (73)
where we take tc ' (12 ∼ 18) GeV2 and the optimal choice µ=2 GeV. The different
sources of errors come from Table 6.
Table 7. Exotic hadron masses and couplings from LSR within stability at N2LO
Nature JP Mass [MeV] fˆX [keV] fX(4.5) [keV]
b-quark channel
Molecule
B∗K 1+ 5186± 13 4.48± 1.45 8.02± 2.60
BK 0+ 5195± 15 2.57± 0.75 8.26± 2.40
B∗spi 1+ 5200± 18 5.61± 0.87 10.23± 1.59
Bspi 0
+ 5199± 24 3.15± 0.70 10.5± 2.30
Four-quark (su)(bd)
Ab 1
+ 5186± 16 5.05± 1.32 9.04± 2.37
Sb 0
+ 5196± 17 2.98± 0.70 9.99± 2.36
c-quark channel
Molecule
D∗K 1+ 2395± 48 155± 36 226± 52
DK 0+ 2402± 42 139± 26 254± 48
D∗spi 1+ 2395± 48 215± 35 308± 49
Dspi 0
+ 2404± 37 160± 22 331± 46
Four-quark (su)(cd)
Ac 1
+ 2400± 47 192± 41 260± 55
Sc 0
+ 2395± 68 122± 26 221± 47
18. X(5568) as a four-quark state-molecule mixing
As one can see from Table 7, our predictions do not support the assignements for the
X(5568) being a pure BK molecule or four-quark state .14,16–18,101,102 Assuming,
for instance, that it can result from the mixing of the BK molecule and four-quark
state, we consider the two-component mixing:
|X〉 = |BK¯〉 cos θ + |(bu)(d¯s¯)〉 sin θ
|X⊥〉 = −|BK¯〉 sin θ + |(bu)(d¯s¯)〉 cos θ . (74)
October 9, 2018 12:34 WSPC/INSTRUCTION FILE x5568
48 R.M. Albuquerque et al.
Using our result: MBK ' M(bu)(d¯s¯) ' 5196 MeV, one can deduce for reproducing
MX = 5568 MeV:
sin 2θ ' 0.15 , (75)
and its orthogonal component: MX⊥ ' 4791 MeV , which is much below the B¯K
threshold. This result may go in line with the one in .108
19. Summary and conclusions
•We have studied the masses and couplings of the heavy-light exotic states built
from one heavy quark and the three light quarks u,d,s using Laplace sum rule (LSR)
within stability (minimum or inflexion point) criteria where N2LO perturbative ⊕
dimension d ≤ 6 condensates contributions have been included.
• Our analysis including higher order PT corrections has given a more meaning
on the input value and definition of the heavy quark mass used. We have shown
that in this channel the PT corrections are small which (a posteriori) validates the
LO ⊕ the running mass results often used in the current literature.
• We have compared numerically our QCD expressions with the one in the
literature. To our surprise there are disagreement among these though numerically
these differences affect only slightly the predictions given by different authors.
• Comparing our predictions with other authors, we found that the existing
results are obtained in the region of τ outside the stability region where they are
both sensitive to the change of τ (sum rule variable) and of tc (continuum threshold)
which renders the predictions unreliable.
• Our results within stability criteria are summarized in Table 7 where one can
notice that, contrary to previous claims ,14,16–18,101–105 we do not predict a mass of
a pure exotic BK, B∗K, Bspi molecule and/or four-quark (bu)(d¯s¯) state around or
above the D0 candidate X(5568) 1 which is not confirmed by LHCb .2 Our results
do not also favour mass values derived from coupled channel analysis and from some
other approaches (see e.g106 and references quoted therein).
• We have extended the analysis to the charm sector where the results are also
summarized in Table 7.
• We notice from Table 7 that the molecule and four-quark state are almost
degenerated. The same feature appears for the 0+ scalar and 1+ axial-vector states.
• From our analysis, one may suggest experimentalists to scan the regions
(2327 ∼ 2444) MeV and (5173 ∼ 5226) MeV for detecting these unmixed (cuds)
and (buds) exotic hadrons (if any) via eventually their radiative or pi+hadrons de-
cays. In the charm sector, the D∗s0(2317) seen by BABAR
107 in the Dspi invariant
mass, expected to be an isoscalar-scalar state with a width less than 3.8 MeV 66
could be a good candidate for one of such states.
• If the X(5568) is experimentally confirmed, one can, for instance, interpret it,
within our results in Table 7, by a state resulting from a mixing of a BK molecule
with a scalar four-quark (ds)(bu) state with a mixing angle: sin 2θ ' 0.15 . This
result may go in line with the one in 108 .
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